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Introduction



Motivations

Some of machine learning challenges are

e matching point clouds of RY up to isometries!

e graph matching?

1A\aux, J., Grave, E., Cuturi, M., & Joulin, A. (2018). Unsupervised hyperalignment for multilingual word embeddings.

2Vayer, T., Chapel, L., Flamary, R., Tavenard, R., & Courty, N. (2018). Fused Gromov-Wasserstein distance for
structured objects.



Metric measure spaces and Gromov-Wasserstein distance

mm-space: X = (X, dx, ) with (X, dx) complete separable, p
positive measure

Definition - GW distance?

Take X = (X, dx,u) and Y = (Y, dy,v) equipped with
probabilities. Define a penalty A : Ry — Ry (e.g. A(t) = t9).
One defines GW(X,Y) = inf( —,, ) G() where

G(r) & / Aldx(x, %) — dy(y, y'))dr(x, y)dn(x',y')

y

[0
°

ldx (z,2") = dy (y,9/)

3Mémo|i‘ F. (2011). Gromov—Wasserstein distances and the metric approach to object matching.



Specificities of GW

Two key differences with OT

-
e GW is non-convex (quadratic assignment /. (\ r
program) . F;«

e (X,)) can differ radically in nature.*

Isometric mm-spaces
Def: X ~)Y & 3 : X — Y bijective isometry s.t.

dx(x,x') = dy(d(x), ¥(x")) and v =1yu
Prop: With A\(t) = t9, GWe distance and definite iff X ~ Yy

4
Solomon, J., Peyré, G., Kim, V. G., & Sra, S. (2016). Entropic metric alignment for correspondence problems.



Motivations of GW

e GW makes sense in a variety of problems (NLP, generative
learning®, domain adaptation®, etc...)
e Though GW suffers limitations similar to OT

e restricted to probabilities
e sensitive to outliers

e Some attempts to extend to positive measures

e Generalize Sturm's’ Lq transportation distance® (no fast algo)
e Partial-GW? (no properties)

5Bunne, C., Alvarez-Melis, D., Krause, A., & Jegelka, S. (2019). Learning generative models across incomparable spaces.
6Redko, I, Vayer, T., Flamary, R., & Courty, N. (2020). CO-Optimal Transport.

7Sturm‘ K. T. (2006). On the geometry of metric measure spaces.

zDe Ponti, N., & Mondino, A. (2020). Entropy-Transport distances between unbalanced metric measure spaces.

Chapel, L., Alaya, M. Z., & Gasso, G. (2020). Partial Gromov-Wasserstein with Applications on Positive-Unlabeled
Learning.



Unbalanced OT - Static and conic
formulations



Csiszar divergences'’

e(x)

Define o : Ry — Ry ls.c., convex, ¢(1) =0, @' = lim,_,o .

Decompose V(a, ), a = g—gﬁ +al (discrete: a =3, a;dy,)
Definition - p-divergence
D,a,8) % [ o(d5()aB0) + ¢ [ da(x),
Dyl B8) = D o(§)Bi +¢'™ > ai
Bi70 Bi=0

Examples:
o KL(a, ) = X i(log(§)ai — a; + Bi):
o(x) = xlogx —x +1,
o TV(a,B) =3 lei = Bil: p(x) =[x —1].

1 f A
OCs'\szér, 1. (1967). Information-type measures of difference of probability distributions and indirect observation.




Unbalanced optimal transport - relaxed formulation

Idea: Soften the hard constraint m; = p — Dy (71 |p).

Definition - Unbalanced OT!!

For any ¢-divergence D, and any measures (11, ) one defines
UOT (i, v) = infr>o L1(7) where

La(m) & /X AN 4 19 o) A Bl )

e Two dynamics: transportation vs creation/destruction.
e Balanced OT is retrieved with Dy, = ¢(—).

e Choice of D,: prior on the mass variation dynamics.

11 . . . . .
Liero, M., Mielke, A., & Savaré, G. (2018). Optimal entropy-transport problems and a new Hellinger-Kantorovich
distance between positive measures.



Unbalanced optimal transport - conic formulation

Idea: Add a mass variable and lift on a cone
¢ =(XxRy)/(X x {0}) endowed with a E ‘
distance D¢([x, r], [y, s]) (e.g. X C S!) ’” 2

Definition

Define COT(u,v) £ infy e, (uw) Hi(y) where
Ha () / De([x, 11, [y, s))d([x, 7, Iy s1),

Up(p,v) = {7y >0, /r”d%(wr) = u,/spd'yz(-,S) =v}

Key point: COT = inf, ¢y, () | Dedy (Wasserstein over €)

= If Dy is a distance, then COT is a distance



Equivalence between both formulations

Proposition

If one defines Dy as

DC([Xv I’], [y7 S])q - H/\(d(x,y))(rp7 Sp)a

def.

Hc(r,s) = (;QEGLC(r/G,s/@),

Le(r,s) & e+ re(L/r) + sp(1/s),
Then UOT = COT.

e In general Dy is definite but not necessarily a distance.

e Note that H. depends on ¢, D¢ on (¢, A, p, q)

When is Dy a distance over € ?



Explicit conic settings inducing distances

In those settings Dy is a distance, thus so is the conic formulation.

Gaussian Hellinger
D,=KL, At)=t* and g=p=2,
De([x, 1], [y, s])? = r? + s* — 2rse"9C¥)/2,
Hellinger-Kantorovich / Wasserstein-Fisher-Rao
D, =KL, (t) = —logcos®(t A 5) and g=p=2,
De([x, ], [y, s])* = r? +5° — 2rscos(% A d(x,y)).
Partial optimal transport
D,=TV, Xt)=t? and g>1 and p=1,
DG([Xa r]> [}/7 5])q =r+s-— (r N S)(2 - d(X7y)q)+'

10



Unbalanced Gromov-Wasserstein




Unbalanced Gromov-Wasserstein

Definition
One defines UGW(X,)) = infr>q Lo(7) where
[,2(71') = /)\(|dx = dy|)d7Td7T = Dcp(ﬂ'l & T, U X M)

+ Dy(m ® m, v Q V).

To be compared with

G(r) = / Al = dly sy ey ),

Li(m) = /X A(d)dm + Dy(m1, ) + Dy (2, v).

11
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Unbalanced Gromov-Wasserstein

Definition
One defines UGW(X,)) = infr>q Lo(7) where
[,2(71') = /)\(|dx = dy|)d7Td7T = Dw(ﬂ'l & T, U X M)

+ Dy(m ® m, v Q V).

To be compared with

G(r) = / Al 3 =y Oy ey X ),

Li(m) = /X A(d)dm + Dy(m1, ) + Dy (2, v).
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Conic Gromov-Wasserstein

Definition
One defines CGW(X, ) = inf,cy(u) Ha(7y) where

Ha(7) £ /Dc([dx(x,X'% rr'l ldy (y,y'), ss'1)?dv([x, r], [y, s])
([, rL Iy, sD,

Up(p,v) = {7 >0, /r”dw(-,r) = u,/spdvz(',S) =v}.

To be compared with
G(m) = / Alldx(x, ') = dy(y,y"))dr(x, y)dr(xs ¥,

Hi(v) = /Dc([x, ], by, s)¥d(Ix, 11, Iy s])-

15
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Conic Gromov-Wasserstein

Definition
One defines CGW(X, ) = inf,cy(u) Ha(7y) where

H2(7) = /DG([dX(X>X/)> I’I’/], [dY(Yay/)v 55/])qd7([xv r]v [Y> S])
dy([x, 'L Iy, s'D)

Up(p,v) = {7 >0, /r”dw(-,r) = u,/spdvz(',S) =v}.

To be compared with
G(m) = / Alldx(x, ') = dy(y,y"))dr(x, y)dr(x, ¥,

Hi(v) = /Dc([x, ], by, s)¥d(Ix, 11, Iy s])-
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Conic Gromov-Wasserstein

Definition
One defines CGW(X, ) = inf,cy(u) Ha(7y) where

Ha(7) £ /Dc([dx(x,X'% rr'l ldy(y,y'), ss'1)7d([x, r], [y, s])
([, LIy, sD,

Up(p,v) = {7 >0, /r”dw(-,r) = u,/spdvz(',S) =v}.

To be compared with
G(m) = / Alldx(x, ') = dy(y,y"))dr(x, y)dn(x, ¥'),

Hi(v) = /Dc([x, ], by, s)¥d(Ix, 11, Iy s])-
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Theorem

1. If A"1({0}) = {0} and ¢~ 1({0}) = {1}, then UGW and CGW
are definite up to isometries.

2. If D¢ is a cone distance then CGWY/9 is a distance.

3. For any (¢, A, p, q) and associated D¢, UGW > CGW.

Same results as UOT, except UGW > CGW while
UOT = COT (non-convexity).

19



Implementation and numerics




Implementing UGW

Idea: Entropic regularization + alternate minimization

def.

UGW.(X,)) = w;fo Lo(m) + eKL(m @ m, (1 ® v)®?)

> inf F(m,7) + eKL(r @ v, (n @ 1)),

e

where F(m, ) s /)\(|dx — dy|)dwdy + Dy(m1 ® 1, 4 ® p)
+ Dy (m ® 72, v @ V)
e Alternate descent = sequence of UOT, problems (Sinkhorn).

e Numerically we observe at optimality 7* = ~v*.

= Computes a local minimizer of UGW..

20



Numerical experiment

Setup: A(t) = t%, D, = pKL, (X,)) = graphs with geodesic
distance, (u,v) uniform probabilities

p=0.1 p= p =10 GW (p = =0)

Take home message: UGW encodes partial and/or geometrically

consistent matchings.
21



Conclusion

e Blending of Unbalanced OT with Gromov-Wasserstein
distances
e The relaxed formulation UGW is appealing for computations

e The conic formulation CGW is a metric between mm-spaces

up to isometry

Thank you !

22



Implementation




Implementing UGW

Idea: Entropic regularization + alternate minimization

def.

UGW.(X,Y) = ir;fO Lo(m) + eKL(1 @ 7, (1 ® v)®?)

2 inf F(m7)+eKL(r®7,(n® v)#%),
™Y Z

where F(m,v) = //\(’dx — dy|)drdy + Dy(m1 ® 71, 4 ® p)

+ Dy(m2 @ y2,v @ v)

e Vs >0, (m,~) optimal = (s, %7) optimal
= impose m(7) = m(~y)

e Numerically we observe at optimality 7* = ~*.

23



Alternate UGW = sequence of Sinkhorn updates

e Focus on A(t) = t? for improved time and memory complexity

e Focus on D, = KL which verifies

KL(p®v,a® ) = m(v)KL(u, @) + m(u)KL(v, 8)
+(m(u) — m(a))(m(v) — m(B)).

= Given v, minimizing w.r.t. m amounts to solve a regularized
UOT problem.

24



Reformulation of the alternate minimization

We focus on D, = pKL.

Proposition - alternate descent <> solve UOT
For a fixed 7, m € argmin F(m,7) + eKL(7 ® v|(1 ® v)®?) is the
™

solution of

min [ € (x,y)dn(x,y) + pm(x)KL(ms i) + pm()KL(ral)

+ em(~)KL(7|p @ v), where

00 [ M) = dyly, )y
/log(f1 )dv1+p/log((i1 )d72+8/log(%)dv-

25



Algorithm

Algorithm 1 - UGW(X, ), p, €)
Input: mm-spaces (X,))), relaxation p, regularization ¢
Output: approximation (7, ) minimizing F + eKL®

1: Initialize (m,~) and (f, g)

2: while (7,7) has not converged do

3: Update 7 < v and compute the cost ¢ < c;

4: Update parameters (5, &) « (m(m)p, m(7)e)

5: Compute (f, g) that solves UOT(y, v, ¢z, p, €)

6 Update 1(x,y)  exp | (F(x) +£(y) — c(x,y))/2| u(x)(y)
7: Rescale v < /m(m)/m(v)y

8: Return (m,7).

26



Detailed algorithm

Algorithm 2 - UGW(X, Y, p, €)
Input: mm-spaces (X,)), relaxation p, regularization ¢
Output: approximation (7, ) minimizing F + eKL®

L Initialize r =y =p@v/\/m(p)m(v), g =

2: while (7,7) has not converged do

3: Update 7 <— v, then ¢ < ¢, p « m(7)p, € + m(m)e

4; while (f, g) has not converged do

5. Vx, F(x) « —2E Iog( [ e =cm/du(y ))
6y, gly) « —F5log ([ eMWI-ct/Eay(x))

7. Update 9(x,y) < exp |(F(x) + &(y) = c(x,))/&] u(x)u(y)

8: Rescale v < /m(m)/m(v)y
9: Return (m,7).

27
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