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1 Csiszar divergences (Csi67) ≈ Vertical Geometry

• Entropy φ: positive, l.s.c., convex on R+ s.t. φ(1) = 0

• Recession constant: φ′∞ = limx→∞ φ(x)/x

• Lebesgue decomposition: ∀(α, β), α = dα
dββ + α>

• φ-divergence: Dφ(α, β) def.=
∫
X φ(dα

dβ)dβ + φ′∞
∫
X dα>

• Balanced: φ(x) = ι{1}(x) with Dφ(π1, α) = ι(=)(π1, α).

• KL: φ(x) = x log x− x + 1

• TV: φ(x) = |x− 1|

• Range: φ(x) = ι[a,b](x) (a ≤ 1 ≤ b), i.e aα ≤ π1 ≤ bα.

• Power entropy: φ(x) = 1
p(p−1)(x

p− p(x− 1)− 1), p ∈ R.

2 OT (Kan42) ≈ Vertical geometry

Consider a Compact domain X . Take a cost C :
(x, y) 7→ C(x, y) continuous, symmetric, Lipschitz
(e.g. 1

p‖x− y‖p). One defines

OT0(α, β) def.= min
π≥0

{
〈π, C〉 : π1 = α, π>1 = β

}
,

where
〈π, C〉 def.=

∫
X 2 C(x, y)dπ(x, y).

OT compares measures by
accounting for the geometry.
It metrizes the convergence in

law.

3 Unbalanced Optimal Transport (LMS15)

OT only compares normalized measures. Its generalization reads

OT0(α, β) def.= inf
π≥0
〈π, C〉 + ρDφ(π1, α) + ρDφ(π2, β).

It hybridizes vertical and horizontal geometries.

4 Entropic UOT

(U)OT has a complexity O(n3 log n) and is non dif-
ferentiable. Adding entropy improves both as-
pects (Sch31; KY94; Cut13; CPSV18).

OTε(α, β) def.= inf
π≥0
〈π, C〉 + ρDφ(π1, α) + ρDφ(π2, β)

+ εKL(π, α ⊗ β)

Writing φ∗(x) = supy≥0 xy − φ(y), the dual reads

OTε(α, β) = sup
f,g∈C(X )

〈α, − (ρφ)∗(−f )〉 + 〈β, −(ρφ)∗(−g)〉

− ε〈α⊗ β, e
f(x)+g(y)−C(x,y)

ε − 1〉.

5 Sinkhorn algorithm

Define the following operators

• Softmin / LogSumExp
Sminε

α (f ) def.= −ε log〈α, e−f/ε〉

• Anisotropic Prox (CR13)
aprox(p) = arg min

q∈R
εe(p−q)/ε + φ∗(q)

The dual optimality condition defines the Sinkhorn
algorithm

gt+1(y) = − aprox(−Sminε
α (C(., y)− f t) )

f t+1(x) = − aprox(−Sminε
β (C(x, .)− gt+1) ).

Ex: (Balanced) aprox(p) = p, (ρKL) aprox(p) = ρ
ρ+εp

6 Removing the entropic bias

When ε > 0, fuzzy transport plans induce shrinking artifacts (CR03):

Minimize OTε(α, β)
with respect to α

−→

=⇒ Use the unbiased Sinkhorn divergence (RTC17; GPC18; SZRM18):

Sε(α, β) = OTε(α, β)− 1
2OTε(α, α)− 1

2OTε(β, β) + ε

2
(m(α)−m(β))2,

OT(α, β)︸ ︷︷ ︸
Wasserstein

ε→ 0←−−−− Sε(α, β)︸ ︷︷ ︸
Easy to compute

ε→+∞−−−−−−→ MMD−C(α, β)︸ ︷︷ ︸
Kernel MMD

7 Contributions 1 & 2

Theorem: If e−C(x,y)/ε is a positive definite kernel,
then for any strictly convex φ∗

Sε(β, β) = 0 6 Sε(α, β)
Sε(α, β) = 0 ⇐⇒ α = β

Sε(αn, β) → 0 ⇐⇒ αn ⇀ β

Lossβ : α 7→ Sε(α, β) is convex.

Theorem: For all entropies mentioned above, the
Sinkhorn algorithm converges linearly towards the
optimal dual potentials (f, g) with a rate indepen-
dent of the number of sample points.

8 Sample Complexity

Set (αn, βn) the sampled versions of (α, β) with n

points. In Rd one has for Balanced OT:

Unregularized OT (Dud69; WB17):
Eα⊗β

[
|OT(α, β)− OT(αn, βn)|

]
= O(n−1/d)

Compact supports (GCB+18):
Eα⊗β

[
|OTε(α, β)− OTε(αn, βn)|

]
= Oε�0(ε−bd/2cn−1/2)

Subgaussian measures (MW19):
Eα⊗β

[
|OTε(α, β)− OTε(αn, βn)|

]
= O(ε1−d5d/4+3en−1/2)

9 Contribution 3

Take positive measures (α, β), set ᾱ = α/m(α) and β̄ = β/m(β).
Write

αn = m(α)
n

n∑
i=1

δXi
βn = m(β)

n

n∑
i=1

δYi
,

Theorem: Assume smooth C and φ∗, assume φ∗ is strictly convex.
Then

Eᾱ⊗β̄

[
|OTε(α, β)− OTε(αn, βn)|

]
= Oε�0(ε−bd/2cn−1/2)
= Oε�∞(n−1/2).

Furthermore the rate is linear in m(α) + m(β).

10 Numerical Highlight

Unbalanced OT allows to discard geometric out-
liers !

Notation

Banach duality: f ∈ C(X ), α ∈M+(X )

Dual Bracket: 〈α, f〉 =
∫
X fdα = Eα[f ]

Discrete Encoding: (αi)i ∈ RN , (xi)i ∈ RN×D, (f i)i ∈ RN

Discrete Setting: α =
∑

i αiδxi
⇒ 〈α, f〉 =

∑
i αif i
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Check the repos at:

www.github.com/thibsej/unbalanced-ot-functionals
www.kernel-operations.io/geomloss
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www.github.com/thibsej/unbalanced-ot-functionals
www.kernel-operations.io/geomloss

